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Abstract. Quasisymmetric stellarators are a type of optimized stellarators for which
flows are undamped to lowest order in an expansion in the normalized Larmor radius.
However, perfect quasisymmetry is impossible. Since large flows may be desirable as
a means to reduce turbulent transport, it is important to know when a stellarator
can be considered to be sufficiently close to quasisymmetry. The answer to this
question depends strongly on the size of the spatial gradients of the deviation from
quasisymmetry and on the collisionality regime. Recently, criteria for closeness to
quasisymmetry have been derived in a variety of situations. In particular, the case
of deviations with large gradients was solved in the 1/ν regime. Denoting by α a
parameter that gives the size of the deviation from quasisymmetry, it was proven that
particle fluxes do not scale with α3/2, as typically claimed, but with α. It was also
shown that ripple wells are not the main cause of transport. This paper reviews those
works and presents a new result in another collisionality regime, in which particles
trapped in ripple wells are collisional and the rest are collisionless.
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1. Introduction
Microturbulence is the main cause of transport in tokamaks and in the outer region
of stellarator plasmas [1]. Since flow shear reduces microturbulent transport [2], it
is desirable to understand under which conditions large flow shear can be achieved.
Even if not the only one, a reasonable route to large flow shear consists of designing
magnetic confinement devices that admit large flows or, equivalently, that have weak
flow damping.
Whereas a tokamak has inherently weak damping of flows in the toroidal direction
due to axisymmetry, this does not need to be the case for a stellarator, even if its
magnetic configuration has been neoclassically optimized, i.e. even if it is such that
collisionless trajectories are confined. A stellarator optimized for neoclassical transport
is called omnigenous and its defining property is the vanishing of the average of the radial
magnetic drift along the lowest order trapped orbits. The stellarator Wendelstein 7-X
has been designed to be omnigenous [3]. Whereas omnigeneity is a necessary condition
for weak flow damping, it is not sufficient. It has been proven [4] that there exists a
direction in which flows are undamped if and only if the stellarator is quasisymmetric.
A magnetic field is quasisymmetric [5, 6] when, in Boozer coordinates (see below), its
magnitude depends only on a single helicity; that is, on a single linear combination of
the Boozer poloidal and toroidal angles. In a quasisymmetric stellarator, the guiding-
center equations are equivalent to those of a tokamak to lowest order. They possess a
symmetry direction, and flows are undamped along that direction.
Technological issues place relevant bounds to how omnigeneous a real stellarator
can be, but there is no theoretical reason to believe that omnigenous stellarators cannot
be built. This is not the case for quasisymmetric magnetic fields. By means of an
expansion in the inverse aspect ratio, Garren and Boozer proved [7] that quasisymmetry
can be satisfied up to second order, but it is necessarily violated to third order in the
expansion parameter. Then, it only makes sense to talk about stellarators close to
quasisymmetry. It is actually possible to be close to quasisymmetry, as the existence
of the HSX stellarator [8] shows. An experimental study of flow damping in HSX can
be found in [9]. Let B = B0 + αB1 be the magnetic field, where B0 is quasisymmetric,
αB1 is the deviation from quasisymmetry and 0 ≤ α  1 is a small parameter. The
theoretical question is to understand when α is sufficiently small for the stellarator to
be considered quasisymmetric in practice.
The systematic approach to this question was started in references [10] and [11] by
exploiting the equivalence of quasisymmetry and intrinsic ambipolarity [4], i.e. the fact
that
〈Jn · ∇ψ〉ψ = 0 (1)
for any density, temperature and radial electric field profiles is equivalent to having no
flow damping. Here, Jn is the neoclassical electric current density and ψ is a flux-label
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coordinate. In the previous equation 〈·〉ψ denotes the flux surface average, defined as
〈f〉ψ = 1
V ′
∫ 2pi
0
∫ 2pi
0
√
gf(ψ,Θ, ζ) dΘdζ, (2)
where Θ is a poloidal angle, ζ a toroidal angle,
√
g is the square root of the metric
determinant, V (ψ) is the plasma volume enclosed by the surface labeled by ψ, and its
derivative is given by
V ′(ψ) =
∫ 2pi
0
∫ 2pi
0
√
g dΘdζ. (3)
In reference [4] it is shown that in a stellarator far from quasisymmetry flow
damping is given precisely by 〈Jn · ∇ψ〉ψ. Thus, this quantity vanishes identically
for a quasisymmetric magnetic field, i.e. for α = 0. Therefore, it is the scaling of
〈Jn · ∇ψ〉ψ with α that needs to be determined in order to derive criteria for closeness
to quasisymmetry. How the determination of the scaling allows to obtain the criterion
is explained in Section 2.
The calculation of the scalings, and the scalings themselves, have revealed to be
quite different depending on the size of the gradients of the perturbation, and so will
be the criteria derived from them. Let us give a summary of some of the results
contained in references [10] and [11]. From now on, we assume that (ψ,Θ, ζ) are Boozer
coordinates [12]. They exist as long as J · ∇ψ = 0, where J is the total electric current
density, and are defined by requiring that the magnetic field can be simultaneously
written as
B = −η˜∇ψ + It(ψ)
2pi
∇Θ + Ip(ψ)
2pi
∇ζ (4)
and as
B =
Ψ′p(ψ)
2pi
∇ζ ×∇ψ + Ψ
′
t(ψ)
2pi
∇ψ ×∇Θ. (5)
Here, It and Ip are flux functions, Ψt is the toroidal flux, Ψp is the poloidal flux, η˜(ψ,Θ, ζ)
is a singly-valued function and primes denote differentiation with respect to ψ. Two
properties of Boozer coordinates will be relevant for us. The first one is that
√
g takes
the form
√
g =
V ′〈B2〉ψ
4pi2B2
. (6)
The second one is that if B is quasisymmetric, then its magnitude B depends on a single
linear combination, or helicity, of the Boozer angles.
With the above notation, B0 depends only on one helicity, B0 ≡ B0(ψ,MΘ−Nζ),
and we can take B1(ψ,Θ, ζ) such that it does not contain the helicity MΘ−Nζ. Then,
we look at |∂ΘB1|/|∂ΘB0| and |∂ζB1|/|∂ζB0|. As shown in reference [10], if
|α∂ΘB1|
|∂ΘB0| ∼ α,
|α∂ζB1|
|∂ζB0| ∼ α, (7)
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then
〈Jn · ∇ψ〉ψ ∼ α2k (8)
for any value of the collisionality (the quadratic scaling was obtained in [13] for high
collisionality). The scaling of the function k with the collision frequency depends on the
collisionality regime. If, on the contrary,
|α∂ΘB1|
|∂ΘB0| ∼ 1, (9)
|α∂ζB1|
|∂ζB0| ∼ 1, (10)
without further assumptions, then
〈Jn · ∇ψ〉ψ = O(α0) (11)
and the quasisymmetric properties of B0 have been completely destroyed by the
perturbation. However, as explained in [11], if perturbations with large gradients are
present and the extra assumption
vM,ψ − v(0)M,ψ  v(0)M,ψ (12)
is made, where v
(0)
M,ψ is the radial magnetic drift corresponding to B0, then a scaling
less favorable than α2 but more favorable than α0 is obtained. Hence, when designing
a stellarator close to quasisymmetry large helicity perturbations should be avoided; but
if this is not possible, and it probably is not, condition (12) should, in principle‡, be a
design goal.
Denote by L0 the typical variation length of B0, L
−1
0 ∼ |∇ lnB0|. In particular,
the wells of B0 along a magnetic field line have size L0. It is easy to realize that when
the perturbation αB1 has strong gradients, B = B0 +αB1 can have, in addition, ripple
wells of size L1 ∼ |∇ lnB1|−1 (see figure 1). Sometimes [15], it has been mistakenly
thought that the original results of [16] apply to stellarators close to quasisymmetry.
This has led to the assumption that ripple wells are the main cause of transport, and
that in the so-called 1/ν regime particle and energy fluxes scale with α3/2. In [11], it
was shown that this is not correct. A rigorous calculation was carried out assuming (9)
and (12) and the result was found to be, in the 1/ν regime,
〈Jn · ∇ψ〉ψ ∼
α2i vti
L0νii
enivti|∇ψ|0. (13)
Furthermore, the calculation shows that ripple wells do not dominate transport. Even
if they contribute to the fluxes with the scaling given on the right side of (13), the same
scaling is produced by orbits trapped in the wells of size L0; more specifically, by the
part of the orbit near the bounce points. Here, vti is the ion thermal speed, ni is the
ion equilibrium density, νii is the ion-ion collision frequency, |∇ψ|0 is a characteristic
value of |∇ψ| on the flux surface, and i := ρi/L0, where ρi is the ion Larmor radius.
‡ In reference [14] it is proven that the extra assumption (12) can actually be relaxed in the 1/ν regime.
However, we do not have a similar proof for other collisionality regimes.
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Throughout the paper the ion and electron temperatures are assumed to be comparable,
and an expansion in the square root of the ratio of the electron and ion masses,
√
me/mi,
is employed.
The rest of the paper gives a brief summary of the calculations leading to the above
results and presents the criteria for closeness to quasisymmetry implied by them. We
also derive the scaling of the fluxes with α, and the corresponding criterion, in a new
collisionality regime. In [11] passing particles, particles trapped in wells of size L0, and
particles trapped in wells of size L1 were assumed collisionless (this is what is understood
by 1/ν regime). Here, we extend the computation to the case when particles in ripple
wells are collisional and the rest are collisionless. Finally, we provide a treatment of the
collisional boundary layers more detailed than in our previous works. The results of [10]
and [11], and those presented for the first time here, also apply to tokamaks with ripple.
Before finishing this Introduction, it is pertinent to comment on the size of the
plasma flows that we are dealing with. In this paper we always assume that the ion flow
Vi is subsonic, i.e. Vi  vti. The presence of sonic flows, Vi ∼ vti, immediately implies
quasisymmetry [17]. Hence, the absence of damping of subsonic flows is a necessary
condition to achieve sonic flows. However, it is not sufficient. It has recently been
proven [18] that even in quasisymmetric stellarators there are global obstructions that
forbid strictly sonic flows, but they do not exclude regimes with ivti  Vi  vti. The
actual flow size that can be reached in a stellarator that is not perfectly quasisymmetric
will be the subject of further research.
2. Formulation of the problem
We use the subindex σ to denote different species and define σ := ρσ/L0, the
Larmor radius over the macroscopic scale. We also need to define the collisionality
ν∗σσ′ = νσσ′L0/vtσ, where νσσ′ is the collision frequency of species σ with σ′. Here,
vtσ =
√
Tσ/mσ, Tσ and mσ are the thermal speed, temperature and mass of species
σ. Denote by ν∗σ the largest of all collisionalities ν∗σσ′ when σ′ runs over species. If
σ  ν∗σ for all species, one can eliminate the degree of motion corresponding to the
gyration of particles around the magnetic field by expanding the fields and the kinetic
equations in σ  1 and averaging order by order in the gyrophase.
We employ phase-space coordinates (ψ,Θ, ζ, v, λ, s), where v is the magnitude of
the velocity, λ = B−1v2⊥/v
2 is the pitch-angle coordinate, v⊥ is the magnitude of the
velocity component perpendicular to the magnetic field, and s = ±1 is the sign of the
parallel velocity v||, that can be expressed as
v|| = sv
√
1− λB . (14)
Let us use the notation Fσ = Fσ0 + Fσ1 + . . ., ϕ = ϕ0 + ϕ1 + . . . for the expansions
of the distribution function and the electrostatic potential, where Fσ1/Fσ0 = O(σ),
ϕ1/ϕ0 = O(i), eϕ0/Ti = O(1) and e is the proton charge. To lowest order, one obtains
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that the distribution function is Maxwellian
Fσ0(R, u, µ) = nσ
(
mσ
2piTσ
)3/2
exp
(
−mσ(u
2/2 + µB)
Tσ
)
(15)
and that the density nσ, the temperature Tσ and ϕ0 are flux functions. The next
order pieces Fσ1 and ϕ1 have both neoclassical and turbulent components, but only
the former, that varies in macroscopic length scales, matters for our calculation. Thus,
Fσ1 and ϕ1 stand for the neoclassical components of the corrections to Fσ0 and ϕ0.
Denote by Gσ1 = Fσ1 + (Zσeϕ1/Tσ)Fσ0 the non-adiabatic component of the correction
to the distribution function. The equation that determines Gσ1 is called the drift-kinetic
equation [19] and reads
v||bˆ · ∇Gσ1 + Υσvψ,σFσ0 = C`σ[G1]. (16)
Here,
Υσ :=
Zσe
Tσ
∂ψϕ0 +
1
nσ
∂ψnσ
+
(
mσv
2
2Tσ
− 3
2
)
1
Tσ
∂ψTσ, (17)
vψ,σ = vM,σ · ∇ψ is the radial magnetic drift,
vM,σ =
v2(1− λB)
Ωσ
bˆ× (bˆ · ∇bˆ) + v
2λ
2Ωσ
bˆ×∇B, (18)
Ωσ = ZσeB/(mσc) is the gyrofrequency of species σ, Zσe is the electric charge, c is the
speed of light and C`σ[G1] is the linearized collision operator, whose explicit expression
is not needed (see, for example, [20]).
The well-known neoclassical expression for the flux-surface averaged radial electric
current is
〈Jn · ∇ψ〉ψ =
〈∑
σ
1∑
s=−1
Zσe
∫ ∞
0
dv
∫ B−1
0
dλ
piv2B√
1− λBvψ,σGσ1
〉
ψ
. (19)
From here on, and for the sake of simplicity, we only deal with the ion-drift kinetic
equation. We note that if the ion and electron temperatures are comparable and just
lowest-order terms in an expansion in
√
me/mi are kept, then only the ion particle flux
needs to be taken into account in (19) and ion-electron collisions can be neglected.
Consider an expansion in i of the total flux-surface averaged radial electric current,
〈J · ∇ψ〉ψ (which, of course, vanishes due to quasineutrality). In a generic stellarator
the right-hand side of (19) dominates because it scales with 2i , whereas turbulent and
higher-order neoclassical contributions to the total radial current are O(3i ), as explained
in detail in reference [10]. These O(3i ) contributions include higher-order flow damping
terms and the polarization current. Schematically,
〈J · ∇ψ〉ψ = (2iA+ 3iC)enivti|∇ψ|0 + . . . (20)
For perfectly quasisymmetric stellarators, A is identically zero. Then, for stellarators
close to quasisymmetry, it is expected that A ∼ A˜αqνr∗i, with q > 0 and A˜ = O(1).
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Then,
〈J · ∇ψ〉ψ =
(
i
Vi
vti
A˜αqνr∗i + 
3
iC
)
enivti|∇ψ|0. (21)
Note that we have replaced one instance of i by Vi/vti in the first term of (20). We have
done this just to point out that, in general, this is the actual scaling of that term; this
comes from the fact that Gσ1 depends linearly on ϕ
′
0, and the latter sets the magnitude
of the flow. The two terms in equation (21) are comparable when Vi ∼ 2iα−qν−r∗i vti.
The stellarator exhibits a quasisymmetric behavior if flows of size Vi > ivti are reached,
which gives the criterion
α < (iν
−r
∗i )
1/q. (22)
Without further information, we have assumed C = O(1) above. Our task consists
of finding the powers q and r, that depend on the geometry of the deviation from
quasisymmetry and on the collisionality regime.
3. Criteria for closeness to quasisymmetry
In this section we compute the scaling with α (and with ν∗i when the result depends on
the collisionality regime) of the right side of (19). As advanced in the Introduction, this
depends strongly on the size of the gradient of B1, the magnitude of the perturbation
to the quasisymmetric configuration B0.
3.1. Perturbations with small gradients
The calculation when (7) is satisfied was carried out in [10] and reviewed in [11]. Hence,
we do not repeat it here. We simply recall that it consists of Taylor expanding the
right side of (19) written in Boozer coordinates. The result is given in equation (8) and
therefore the stellarator can be considered quasisymmetric if
α < 
1/2
i , (23)
for a generic value ν∗i ∼ 1. In the regime 1/ν the function k appearing in (8) scales
with ν−1∗i and the criterion (23) can be more precisely written as
α <
√
ν∗ii. (24)
In the next subsection we show that when B1 has large gradients the calculation is
more complicated and that the scaling with α is not quadratic, but more unfavorable.
3.2. Perturbations with large gradients
The straightforward approach of Taylor expanding the drift-kinetic equation (16) fails
when the perturbation has large gradients in the sense of (9). For example, it is clear
that the parallel streaming operator sv
√
1− λB bˆ · ∇ cannot be expanded at points
where ∇B1 ∼ α−1L−10 B0.
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Figure 1. Magnitude of a quasisymmetric magnetic field along a field line segment
(thin curve), and magnitude of the perturbed field (thick curve).
As mentioned in the Introduction, if (9) is satisfied and no additional condition
is imposed, the perturbation to the source term of the drift-kinetic equation (16),
vM,ψ − v(0)M,ψ, is O(1) and the stellarator cannot be viewed as a perturbation of a
quasisymmetric one. Hence, we assume vM,ψ − v(0)M,ψ  v(0)M,ψ.
In reference [11] a detailed calculation of the scaling has been given in the 1/ν
regime, i.e. when passing particles, particles trapped in larges wells, and particles
trapped in ripple wells are collisionless. Here, we will extend those results to the case
when passing particles and particles trapped in larges wells are collisionless, but particles
trapped in ripple wells are collisional.
It will be useful to employ {ψ, χ,Θ} as spatial coordinates, with χ = Θ− ι¯ζ. The
coordinate χ acts as a magnetic field line label and Θ as the coordinate that gives the
position along the magnetic field line. We make i  ν∗i  1, that defines what is
usually understood by low collisionality. The drift-kinetic equation and its solutions
can then be expanded in ν∗i. Taking
Gi = G
[−1]
i +G
[0]
i +O(ν∗iiFi0), (25)
with G
[n]
i ∼ νn∗iiFi0, one finds that
bˆ · ∇G[−1]i = 0. (26)
For passing particles this means that G
[−1]
i is a flux function, whereas for trapped
particles it implies that G
[−1]
i does not depend on Θ and on the sign of the parallel
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velocity, s. Hence, one can write
G
[−1]
i (ψ, χ, v, λ, s) = gi(ψ, v, λ, s) + ∂χhi(ψ, χ, v, λ), (27)
with hi ≡ 0 in the passing region. The function G[−1]i is determined by going to next
order in the ν∗i expansion,
v||bˆ · ∇G[0]i + Υivψ,iFi0 = C`ii[G[−1]i ]. (28)
For trapped trajectories, we multiply (28) by (v||bˆ · ∇Θ)−1 and integrate over the
orbit, finding the constraint∮
Υi
vψ,i
v||bˆ · ∇Θ
Fi0dΘ =
∮
C`ii[G
[−1]
i ]
v||bˆ · ∇Θ
dΘ. (29)
An entropy production argument shows (see reference [11]) that gσ ≡ 0 up to terms
O(α). We will see below that terms O(α) are negligible, so that for our purposes G
[−1]
i
is zero in the passing region of velocity space and∫ 2pi
0
G
[−1]
i dχ = 0 (30)
in the trapped region. Then, we focus on (29) to find the scaling of G
[−1]
i for trapped
particles. As discussed in the Introduction, when B1 has large gradients, small wells of
size L1 ∼ αL0 are typically created. Wells of size L0 and ripple wells of size L1 have
to be treated separately. More specifically, the calculation is arranged by dividing the
trapped part of phase-space into the regions depicted in figure 2. Region I corresponds
to a ripple well of size L1, and Regions II and III correspond to a well of size L0 already
present in B0. We will give the pertinent form of the drift-kinetic equation in each
region, derive the scaling of the distribution function, and then will investigate the
matching conditions. We will see that Regions IV and V are collisional boundary layers
that develop to heal discontinuities at the interfaces among the first three regions.
We start with particles trapped in wells of size L0. The key is the computation
of the scaling of the radial magnetic drift integrated over the trajectory. The rigorous
calculation is rather complicated and is presented in detail in [11]. Here, we only state
the result, ∮
vψ,i
v||bˆ · ∇Θ
dΘ ∼ α1/2ψ. (31)
Employing (31), and the fact that in Regions II and III ∂λ ∼ B0, it is easy to see that
(29) implies
GIIi ∼ α1/2ν−1∗i iFi0, (32)
GIIIi ∼ α1/2ν−1∗i iFi0 (33)
and also
∂λG
II
i ∼ α1/2ν−1∗i iB0Fi0, (34)
∂λG
III
i ∼ α1/2ν−1∗i iB0Fi0. (35)
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Figure 2. The different regions into which phase space is divided to solve the drift-
kinetic equation.
Observe that the size of these pieces of the distribution function justifies neglecting
terms O(α) of the distribution function in the passing region, as advanced above.
Regions II and III give contributions to the neoclassical radial electric current
〈Jn · ∇ψ〉IIψ ∼
α
ν∗i
2i enivti|∇ψ|0 (36)
and
〈Jn · ∇ψ〉IIIψ ∼
α
ν∗i
2i enivti|∇ψ|0. (37)
We turn to find the distribution function in the ripple well, Region I. We want to
solve the regimes
α−1/2ν∗i  1, (38)
corresponding to the case in which particles trapped in ripple wells are collisionless (the
case solved in [11]), and
α−1/2ν∗i  1, (39)
when those particles are collisional. For the moment, we take the maximal ordering
α−1/2ν∗i ∼ 1. Since particles in the ripple wells are not necessarily collisionless, we
cannot use (29), but we have to resort to (16). However, the latter equation can be
simplified to
v||bˆ · ∇Θ∂ΘGIi −
v||νλ
v2B2wmax
∂λ(v||∂λGIi) = −Υivψ,iFi0, (40)
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where νλ(v) is the pitch-angle scattering frequency. Here, we have approximated
B ≈ Bwmax and λ ≈ λw = B−1wmax, with λw defined in figure 1 along with other quantities
that will be employed below. In order to get the above simplified equation, one needs
the relations
B−10 ∂λG
I
i  vti∂vGIi ∼ vti∂vGIIi
∼ vti∂vGIIIi ∼ B−10 ∂λGIIi ∼ B−10 ∂λGIIIi , (41)
obtained by using v|| ∼ α1/2vti, bˆ · ∇ ∼ (αL0)−1 and ∂λ ∼ B0/α.
If α−1/2ν∗i  1, then to lowest order GIi does not depend on Θ and it is determined
by integrating (40) over the orbit,∫ Θw2
Θw1
dΘ
v||bˆ · ∇Θ
v||νλ
v2B2wmax
∂λ(v||∂λGIi) =
∫ Θw2
Θw1
dΘ
v||bˆ · ∇Θ
Υivψ,iFi0. (42)
Imposing a regularity condition at the bottom of the well λ0, we can find an explicit
expression for ∂λG
I
i in the well. Using again that the size of the well in λ is O(α), we
get
∂λG
I
i ∼ ν−1∗i iFi0. (43)
If α−1/2ν∗i  1, one can drop the parallel streaming term in (40) to obtain
v||νλ
v2B2wmax
∂λ(v||∂λGIi) = Υivψ,iFi0. (44)
This also yields ∂λG
I
i ∼ ν−1∗i iFi0. In this case ∂λGIi can depend on Θ.
Hence, the size of ∂λG
I
i is the same for both regimes, α
−1/2ν∗i  1 and α−1/2ν∗i  1.
Whereas we have been able to determine the size of ∂λG
I
i by using only the drift-kinetic
equation in the ripple well, the size of GIi is still unknown. It is determined by matching
with GIIi and G
III
i , and found to be, therefore,
GIi ∼ α1/2ν−1∗i iFi0. (45)
Assuming a number of ripple wells per magnetic field line O(α−1), and a number of
magnetic field lines with ripple wells O(α−1), we find the contribution of Region I to
the flux-surface averaged radial current,
〈Jn · ∇ψ〉Iψ ∼
α
ν∗i
2i enivti|∇ψ|0. (46)
In deriving the scalings (36), (37) and (46), we have skipped the proof that the
matching among the three regions can be done consistently. Actually, it cannot be done
without Regions IV and V. One can show that the values of ∂λG
I
i and ∂λG
II
i do not
match exactly, and the same happens with ∂λG
II
i and ∂λG
III
i . The correct matching
is provided by the emergence of collisional layers at the interfaces between I and II
(denoted by Region IV) and II and III (denoted by Region V ). A careful treatment of
the collisional layers, Regions IV and V, gives
〈Jn · ∇ψ〉IVψ ∼ α2i enivti|∇ψ|0 (47)
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and
〈Jn · ∇ψ〉Vψ ∼ α1/22i enivti|∇ψ|0, (48)
where the assumption that the number of ripple wells is O(α−2) has been employed
again. We postpone the details on the boundary layers to Section 4. In particular, the
estimations of Section 4 show that the discontinuities in the absence of the collisional
boundary layers are small enough that the estimates (36), (37) and (46) are correct.
It is clear that the contribution of Region IV is always negligible. When α−1/2ν∗i 
1, Regions I, II and III contribute the same and the contribution of Region V is negligible,
giving
〈Jn · ∇ψ〉ψ ∼
α
ν∗i
2i enivti|∇ψ|0. (49)
However, when α−1/2ν∗i  1, the contribution of Region V dominates and one obtains
〈Jn · ∇ψ〉ψ ∼
α1/22i vti
L0
enivti|∇ψ|0. (50)
Finally, we write the criteria to assess closeness to quasisymmetry inferred from the
above results. Namely, if the perturbation has large gradients and α−1/2ν∗i  1, then
the criterion is
α < ν∗ii. (51)
If the perturbation has large helicities and α−1/2ν∗i  1, then the criterion is
α < 2i . (52)
One can compare these criteria with (24) and confirm that, for the same value of α,
large helicity perturbations degrade more efficiently the quasisymmetric properties of
the stellarator than small helicity ones, as expected.
4. The collisional boundary layers
Recall that the different regions into which we split phase space to compute the
distribution function are shown in figure 2. We have explained how to determine the
distribution function in Regions I, II, and III, and here we focus on the collisional
boundary layers, Regions IV and V. In fact, as already pointed out, the correct treatment
of the collisional boundary layers is also needed to ensure that the results on Regions I,
II, and III are consistent. Below we show how to find two functions δGIVi and δG
V
i such
that GIIi + δG
IV
i smoothly matches G
I
i, and G
II
i + δG
V
i smoothly matches G
III
i + δG
V
i .
This section is based on the rigorous discussion given in [14]. In this reference, the
boundary layers are calculated for a stellarator close to omnigeneity, proving that their
effect on transport is negligible. As advanced in subsection 3.2, the boundary layers are
more relevant in stellarators close to quasisymmetry because they can dominate flow
damping in the regime in which particles trapped in ripple wells are collisional and the
rest are collisionless.
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Let us start by Region IV and recall the notation used in figure 1. We define a
function δGIVi supported in λ ∈ [λw − KδλIV, λw] and Θ ∈ [Θ1(λ),Θw]. Here, δλIV is
the characteristic width of the layer and K  1. The equation for δGIVi is
v||bˆ · ∇Θ∂ΘδGIVi −
v||νλ
v2B2wmax
∂λ(v||∂λδGIVi ) = 0, (53)
which has to be solved with the boundary conditions ∂λδG
IV
i = ∂λG
I
i−∂λGIIi at λ = λw,
δGIVi = 0 at λ = λw −KδλIV, δGIVi = δGVi at Θ = Θw, the interface between the two
collisional boundary layers, and δGIVi (s = 1) = δG
IV
i (s = −1) at Θ1.
If both terms in (53) have to be of the same order, and in the layer v|| ∼ α1/2vti
and bˆ · ∇ ∼ α−1L−10 , one infers
δλIV ∼ α3/4ν1/2∗i B−10 . (54)
The boundary condition on ∂λδG
IV
i at λ = λw gives
∂λδG
IV
i ∼ B0ν−1∗i iFi0, (55)
and therefore
δGIVi ∼ α3/4ν−1/2∗i iFi0. (56)
We proceed to deal with the collisional layer denoted by Region V. In this case,
δGVi satisfies
v||bˆ · ∇Θ∂ΘδGVi −
v||νλ
v2B2wmax
∂λ(v||∂λδGVi ) = 0 (57)
and is defined on λ ∈ [λw − KδλV, λw + KδλV], Θ ∈ [Θw,Θ2(λ)] for λ < λw, and
Θ ∈ [Θ1(λ),Θ2(λ)] for λ > λw. The boundary conditions are ∂λδGVi (λ+w)−∂λδGVi (λ−w) =
−(∂λGIIIi (λw) − ∂λGIIi (λw)) at λ = λw, δGVi = 0 at λw − KδλV and λw + KδλV,
δGIVi = δG
V
i , for λ < λw at Θ = Θw, δG
V
i (s = 1) = δG
V
i (s = −1) for λ > λw at
Θ1, and δG
V
i (s = 1) = δG
V
i (s = −1), for any λ, at Θ2.
Balancing the two terms in (57), and employing v|| ∼ vti and bˆ · ∇ ∼ L−10 , one gets
δλV ∼ ν1/2∗i B−10 . (58)
Estimating the size of δGVi is slightly more involved. It can be shown [14] that phase
space continuity between Regions IV and V implies
δGVi ∼ α3/2ν−1/2∗i iFi0. (59)
Finally, we emphasize that the size of both δGIVi and δG
V
i is very small compared
to GIIi and G
III
i , given in (32). This implies, in particular, that the estimation (45) is
correct.
5. Conclusions
In this paper we have first reviewed the results of references [10] and [11]. In
those references, we started a systematic approach to understand how much one can
deviate from perfect quasisymmetry without spoiling some of the properties that make
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quasisymmetric stellarators interesting; in particular, the absence of flow damping in
the symmetry direction. We show that the answer depends on the size of the helicity
of the deviations from quasisymmetry and, in general, on the collisionality regime.
Formal criteria are derived in a variety of situations, to assess whether a stellarator
can be considered quasisymmetric in practice. The survey of [10] and [11] is completed
by extending those results to a new collisionality regime. All these results apply to
tokamaks with ripple as well.
Acknowledgments
This work has been carried out within the framework of the EUROfusion Consortium
and has received funding from the European Union’s Horizon 2020 research and
innovation programme under grant agreement number 633053. The views and opinions
expressed herein do not necessarily reflect those of the European Commission. This
research was supported in part by grant ENE2012-30832, Ministerio de Economı´a y
Competitividad, Spain.
References
[1] Helander P, Beidler C D, Bird T M, Drevlak M, Feng Y, Hatzky R, Jenko F, Kleiber R, Proll J H E,
Turkin Y and Xanthopoulos P 2012 Plasma Phys. Control. Fusion 54 124009
[2] Connor J W, Fukuda T, Garbet X, Gormezano C, Mukhovatov V, Wakatani M, the ITB Database
Groupa and the ITPA Topical Group on Transport and Internal Barrier Physics 2004 Nucl.
Fusion 44 R1
[3] Nu¨hrenberg J et al 1995 Trans. Fusion Technology 27 71
[4] Helander P and Simakov A N 2008 Phys. Rev. Lett. 101 145003
[5] Boozer A H 1983 Phys. Fluids 26 496
[6] Nu¨hrenberg J and Zille R 1988 Phys. Lett. A 129 113
[7] Garren D A and Boozer A H 1991 Phys. Fluids B 3 2822
[8] Anderson F S B, Almagri A F, Anderson D T, Mathews P G, Talmadge J N and Shohet J L 1995
Fusion Technol. 27 273
[9] Gerhardt S P, Talmadge J N, Canik J M and Anderson D T 2005 Phys. Plasmas 12 056116
[10] Calvo I, Parra F I, Velasco J L and Alonso J A 2013 Plasma Phys. Control. Fusion 55 125014
[11] Calvo I, Parra F I, Alonso J A and Velasco J L 2014 Plasma Phys. Control. Fusion 56 094003
[12] Boozer A H 1981 Phys. Fluids 24 1999
[13] Simakov A N and Helander P 2009 Phys. Plasmas 16 042503
[14] Parra F I, Calvo I, Velasco J L and Alonso J A “Neoclassical fluxes in optimized stellarators”, in
preparation
[15] Beidler C D, Allmaier K, Isaev M Yu, Kasilov S V, Kernbichler W, Leitold G O, Maassberg H,
Mikkelsen D R, Murakami S, Schmidt M, Spong D A, Tribaldos V and Wakasa A 2011 Nucl.
Fusion 51 076001
[16] Ho D D M and Kulsrud R M 1987 Phys. Fluids 30 442
[17] Helander P 2007 Phys. Plasmas 14 104501
[18] Sugama H, Watanabe T H, Nunami M and Nishimura S 2011 Phys. Plasmas 18 082505
[19] Hazeltine R D 1973 Plasma Phys. 15 77
[20] Helander P and Sigmar D J 2002 Collisional Transport in Magnetized Plasmas (Cambridge
Monographs on Plasma Physics) ed Haines M G et al (Cambridge, UK: Cambridge University
Press)
